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Abstract

Based on three!dimensional elastic theory of piezoelectric materials\ the axisymmetric state space for!
mulation of piezoelectric laminated circular plates is derived[ Finite Hankel transforms are used and the
boundary variables in free terms are replaced\ for two kinds of boundary conditions\ to obtain ordinary
di}erential equations with constant coe.cients[ Regarding the axisymmetric free vibration problem\ two
exact solutions for two di}erent boundary conditions are found[ Discarding piezoelectric e}ect\ the exact
solutions for transversely isotropic circular laminates are also obtained through the same procedure[ Numeri!
cal examples are given and compared with those of Finite Element Method "FEM#[ Þ 0888 Elsevier Science
Ltd[ All rights reserved[

0[ Introduction

The thin plate theory has been widely used in static and dynamic analyses of relatively thin
plates\ but it is not suitable for thick plates and laminates\ particularly for higher modes of the
plates[ Mindlin "0840# published the plate theory which includes the e}ects of rotatory inertia and
shear deformation[ Based on this plate theory\ Deresiewicz and Mindlin "0844# and Deresiewicz
"0845# obtained the solutions of axisymmetric ~exural vibration of a free circular disc and sym!
metric ~exural vibration of a clamped circular disc\ respectively[ Kane and Mindlin "0845# pre!
sented the theory of high!frequency extensional vibration of circular plates[ Reismann "0857#
investigated the forced motion of a clamped circular plate using the Mindlin theory[

Srinivas and Rao "0869# exactly investigated the bending\ vibration and buckling of simply
supported thick orthotropic rectangular plates and laminates based on a three!dimensional elas!
ticity theory[ Iyengar and Raman "0866# made an investigation on the free vibration of thick
rectangular plates employing the method of initial function which was _rst introduced by Vlasov[

� Corresponding author



D[ Haojian` et al[ : International Journal of Solids and Structures 25 "0888# 3518Ð35413529

Lee and Jiang "0885# employed the state!space!based method "i[e[ the method of initial function#
to exactly analyze the electroelastic behavior of piezoelectric laminated plates and obtained the
exact solution of a simply supported rectangular plate with numerical examples presented[ Chen
et al[ "0886# independently derived the exact solution of a thick piezoelectric rectangular plate also
using the state!space!based method[ Heyliger and Brooks "0884# presented the exact solutions for
the free vibration behavior of simply!supported piezoelectric laminates in cylindrical bending for
the case where the electrostatic potential or the normal electric displacement is speci_ed to be zero
at the upper and lower surfaces of the laminate[ Heyliger and Saravanos "0884# developed the
three!dimensional exact solutions for predicting the coupled electromechanical free vibration
characteristics of simply supported laminated piezoelectric plates composed of orthorhombic
layers[ Batra et al[ "0885# performed the analysis of a simply supported rectangular elastic plate
forced into bending vibrations by the application of time harmonic voltages to piezoelectric
actuators attached to its bottom and top surfaces by using the equations of linear elasticity[ From
the above mentioned papers\ the exact solutions for simply supported rectangular or piezoelectric
plates can be obtained by virtue of Fourier series which satis_ed speci_ed boundary conditions[
For circular plates\ some investigations on exact solutions for axisymmetric bending or vibrations
have been published[ Iyengar and Raman "0867# analyzed the free axisymmetric vibration of
circular plates with arbitrary thickness also utilizing the method of initial function[ Because the
governing equation was an in_nite!order di}erential equation\ an investigation should be made
on the approximate equation of the desired order after higher!order terms were ignored[ Besides\
the three!dimensional boundary conditions could not be exactly satis_ed as in problems of simply
supported rectangular plates[ Celep "0867\ 0879# also made three!dimensional investigation on the
free axisymmetric vibration of circular plates using the method of initial function[ In order to
overcome the di.culty of algebraic manipulations of operators in cylindrical coordinates "r\ u\ z#\
the following assumption was used

Gu � U �
dC"r#

dr
UÞ"z\ t#\ Gw � W � C"r#WÞ "z\ t#

sz � Z � C"r#ZÞ"z\ t#\ trz � R �
dC"r#

dr
RÞ"z\ t# "0#

where u and w are displacement components in radial and axial directions\ respectively\ G is shear
modulus\ sz is axial normal stress\ trz is shear stress\ UÞ\ WÞ \ ZÞ\ RÞ and C"r# are unknown functions
and C"r# satis_es the following di}erential equation

d1C"r#

dr1
¦

0
r

dC"r#
dr

¦KC"r# � 9 "1#

where K � 2k1 "k is an arbitrary constant#[ Fan and Ye "0889# adopted this assumption to
investigate the axisymmetric vibration of transversely isotropic circular plates[ Jianqiao Ye "0884#
studied the axisymmetric buckling of homogeneous and laminated circular plates also using this
assumption[ However\ it is found that assumption "0# imposes excessive restriction on the state
variables\ thus causing confusion in theory[ For instance\ according to eqns "0# and "1#\ the
following three boundary conditions
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clamped] U � W � 9\ at r � a "2a#

simply supported] W � 9\ sr � 9\ at r � a "2b#

free] sr � trz � 9\ at r � a "2c#

all result in C �"dC:dr# � 9 at r � a[ Celep "0867\ 0879# and Fan and Ye "0889# substituted the
solution of eqn "1#\ C � AJ9"kr#¦BI9"kr#\ into the three!dimensional axisymmetric state space
equations and derived a set of di}erential equations with constant coe.cients[ However\ when
J9"kr# and I9"kr# satis_ed eqn "1#\ K � k1 and K � −k1 are obtained\ respectively[ Subsequently\
substitution of J9"kr# and I9"kr# into governing equations gives distinct coe.cient matrices[ Hence
the application of two!dimensional boundary conditions conjoining with the above mentioned
form of C yields contradictions in deriving the characteristic equation[

From the above mentioned investigations\ it is shown that there are inherent di.culties in
applying the method of initial function in dynamic problems of anisotropic body[ In fact\ the
three!dimensional exact solutions of free vibration of isotropic circular plates have not been found
yet[ This paper applies the _nite Hankel transform to the axisymmetric dynamic equations of a
piezoelectric circular plate and renders the free terms of the transformed question in terms of linear
combination of boundary unknowns[ Then the exact solutions for two boundary conditions\ i[e[
rigid slipping support and elastic simple support\ are obtained\ respectively[ The numerical results
are compared with those of the FEM and good agreement is displayed[

1[ State space formulation and its solutions

Consider a p!ply piezoelectric circular laminate of radius a\ thickness h[ As shown in Fig[ 0\ the
cylindrical coordinates "r\ u\ z# are employed with the z!axis being along the symmetry axis of the
circular laminate[ Each layer has its own local coordinate z!axis as the jth lamina has "r\ u\ zj#[ hj

denotes the thickness of the jth lamina[ The elastic symmetric axis of every lamina coincides with
the z!axis[

The equations of motion for each of the layers are given by

Fig[ 0[ Geometry and coordinate system of p!ply circular laminate[
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1r
¦

1trz

1z
¦

sr−su

r
� r

11ur

1t1

1trz

1r
¦

1sz

1z
¦

trz

r
� r

11w

1t1
"3#

where sr\ su\ sz and trz are four components of stress\ w and ur are axial and radial components of
displacement\ respectively\ r denotes material density for a given layer and t is time[ The charge
equation of electrostatics is given as

1Dr

1r
¦

1Dz

1z
¦

Dr

r
� 9 "4#

where Dr and Dz are components of electric displacement[ Each layer is assumed to be made of a
transversely isotropic piezoelectric material with constitutive equations

sr � c00sr¦c01su¦c02sz−e20Ez

su � c01sr¦c00su¦c02sz−e20Ez

sz � c02sr¦c02su¦c22sz−e22Ez

trz � c33grz−e04Er

Dr � e04grz¦o00Er

Dz � e20sr¦e20su¦e22sz¦o22Ez "5#

where sr\ su\ sz and grz are strain components\ c00\ c01\ c02\ c22 and c33 are elastic sti}ness components\
e04\ e20 and e22 are the piezoelectric coe.cients\ o00 and o22 are the dielectric constants\ Er and Ez are
electric!_eld components[ The displacement components are related to the strain components and
the electric!_eld components are related to the electrostatic potential f through the relations

sr �
1ur

1r
\ su �

ur

r
\ sz �

1w
1z

grz �
1w
1r

¦
1ur

1z
\ Er � −

1f

1r
\ Ez � −

1f

1z
"6#

If the layer is not piezoelectric "i[e[ e04 � e20 � e22 � 9#\ electric and elastic _elds are uncoupled
and they can be solved separately[ For the jth lamina\ if ur\ sz\ Dz\ trz\ w and f are chosen as state
variables\ the state space formulation can be written as
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zj $ ð9\ hjŁ "7#

where zj is the local z!direction coordination of the jth lamina and
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¦
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¦
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Bj �

K

H
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1t1
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¦

0
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−
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"09#

in which parameters bi "i � 0\ 1\ [ [ [ \ 02# are de_ned as

b0 � 0:c33\ b1 � e04:c33\ b2 � 0:"c22o22¦e1
22#\ b3 � c02e22−c22e20

b4 � c02o22¦e20e22\ b5 � b1e04¦o00\ b6 � b2b4\ b7 � b2b3\ b8 � b2o22

b09 � b2e22\ b00 � b2c22\ b01 � c00−c02b6−e20b7\ b02 � b01−c00¦c01

The other derived variables are given by

Dr � b1trz−b8

1f

1r
"00a#

sr � b6sz¦b7Dz¦b01

1ur

1r
¦b02

ur

r
"00b#

su � b6sz¦b7Dz¦b02

1ur

1r
¦b01

ur

r
"00c#

When the circular plate vibrating with resonant frequency v\ the state variables can be assumed
to be in the following form

ur � ur"r\ z# eiwt\ sz � sz"r\ z# eiwt\ Dz � Dz"r\ z# eiwt

trz � trz"r\ z# eiwt\ w � w"r\ z# eiwt\ f � f"r\ z# eiwt "01#

Substituting the above expressions into eqn "7# and taking
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u¹r � ur:h\ s¹ z � sz:c
"0#
00 \ DÞz � Dz:zc"0#

00 o"0#
22 \ t¹rz � trz:c

"0#
00 \ w¹ � w:h\ f¹ � f

0
hX

o"0#
22

c"0#
00

z � zj:h\ j � r:a\ t � h:a\ dj � hj:h\ V1 � r"0#v1h1:c"0#
00 \ r¹ � r:r"0# "02#

gives
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DÞz"j\ z#
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J
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� $
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BÞ j 9 %
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f¹ "j\ z#
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jj

z $ ð9\ djŁ "03#

where

AÞ j �

K

H

H

H

H

H

H

H

k

f0 −t
1

1j
f1

1

1j

−t 0
1

1j
¦

0
j1 −r¹V1 9

f2 0
1

1j
¦

0
j1 9 f3 0

11

1j1
¦

0
j

1

1j1

L

H

H

H

H

H

H

H

l

"04#

BÞ j �

K

H

H

H

H

H

H

H

k

−r¹V1¦f4 0
11

1j1
¦

0
j

1

1j
−

0

j11 f5
1

1j
f6

1

1j

f5 0
1

1j
¦

0
j1 f8 f09

f00 0
1

1j
¦

0
j1 f01 f7

L

H

H

H

H

H

H

H

l

"05#

and the non!dimensional parameters fi "i � 0\ 1\ [ [ [ \ 02# are de_ned as

f0 � b0c
"0#
00 \ f1 � −b1tzc"0#

00 :o"0#
22 \ f2 � −b1tzc"0#

00 :o"0#
22 \ f3 � t1b5:o

"0#
22

f4 � −t1b01:c
"0#
00 \ f5 � −tb6\ f6 � −tb7zo"0#

22 :c"0#
00 \ f7 � −b00o

"0#
22 \ f8 � b8c

"0#
00

f09 � b09zc"0#
00 o"0#

22 \ f00 � −tb7zo"0#
22 :c"0#

00 \ f01 � b09zc"0#
00 o"0#

22 \ f02 � t1
b02

c"0#
00

"06#

c"0#
ij \ r"0# and o"0#

ij appearing in eqns "02# and "06# represent the elastic constants\ material density
and dielectric constants of the _rst lamina\ respectively[ The _nite Hankel transform is de_ned as



D[ Haojian` et al[ : International Journal of Solids and Structures 25 "0888# 3518Ð3541 3524

Jm ð f"j\ z#Ł � g
0

9

jf"j\ z#Jm"kj# dj "07#

where Jm"kj# is the Bessel function of the _rst kind[ Taking

U"z# � J0 ðu¹r"j\ z#Ł\ s"z# � J9 ðs¹ z"j\ z#Ł\ D"z# � J9 ðDÞz"j\ z#Ł

t"z# � J0 ðt¹rz"j\ z#Ł\ W"z# � J9 ðw¹ "j\ z#Ł\ F"z# � J9 ðf¹ "j\ z#Ł "08#

and applying the _nite Hankel transform to eqn "03# gives

dRj"z#
dz

� KjRj"z#¦Qj z $ ð9\ djŁ "19#

where

Rj"z# � ðU"z# s"z# D"z# t"z# W"z# F"z#ŁTj "10#

Kj � $
9 K0

K1 9 % "11#

K0 � &
f0 kt −f1k

−kt −r¹V1 9

f2k 9 −f3k
1' "12#

K1 � &
−r¹V1−f4k

1 −f5k −f6k

f5k f8 f09

f00k f01 f7
' "13#

and

Qj �

F

G

G

G

j

J

G

G

G

f

−tw¹ "0\ z#J0"k#¦f1f¹ "0\ z#J0"k#

−tt¹rz"0\ z#J9"k#

f2t¹rz"0\ z#J9"k#−f3EÞr"0\ z#J9"k#¦f3kf¹ "0\ z#J0"k#

f4 ðo¹r"0\ z#J0"k#−ku¹r"0\ z#J9"k#¦u¹r"0\ z#J0"k#Ł¦ð f5s¹ z"0\ z#¦f6DÞz"0\ z#ŁJ0"k#

f5u¹r"0\ z#J9"k#

f00u¹r"0\ z#J9"k#

J

H

H

H

f

F

H

H

H

j

"14#

in which

EÞr"j\ z# � −
1f¹ "j\ z#

1j
\ o¹r"j\ z# �

1u¹r"j\ z#
1j

"15#

Rendering eqns "00a\b# into non!dimensional form and taking j � 0 result in

f3EÞr"0\ z# � tDÞr"0\ z#¦f2t¹rz"0\ z# "16#
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ts¹ r"0\ z# � −f5s¹ z"0\ z#−f6D¹ z"0\ z#−f4o¹r"0\ z#¦f02u¹r"0\ z# "17#

where

D¹ r � Dr:zc"0#
00 o"0#

22 \ s¹ r � sr:c
"0#
00 "18#

Substitution of eqns "16# and "17# into "14# gives

Qj �

F

G

G

G

G

g

G

G

G

G

f

−tw¹ "0\ z#J0"k#¦f1f¹ "0\ z#J0"k#

−tt¹rz"0\ z#J9"k#

−tDÞr"0\ z#J9"k#¦f3kf¹ "0\ z#J0"k#

0
c01−c00

c"0#
00 1 t1u¹r"0\ z#J0"k#−f4ku¹r"0\ z#J9"k#−ts¹ r"0\ z#J0"k#

f5u¹r"0\ z#J9"k#

f00u¹r"0\ z#J9"k#

J

H

H

H

H

h

H

H

H

H

j

"29#

It can be seen that the following two boundary conditions\ named as elastic simple support and
rigid slipping support conditions\ respectively\ will yield Qj � "9#[

"0# w¹ "0\ z# � 9\ f¹ "0\ z# � 9\ ð"c00−c01#:c"0#
00 Łtu¹r"0\ z#¦s¹ r"0\ z# � 9 and J9"k# � 9

"1# u¹r"0\ z# � 9\ t¹rz"0\ z# � 9\ DÞr"0\ z# � 9 and J0"k# � 9[

For these two conditions\ eqn "19# becomes

dRj"z#
dz

� KjRj"z# z $ ð9\ djŁ "20#

and its solutions can be written as

Rj"z# � Tj"z#Rj"9# z $ ð9\ djŁ "21#

where

Tj"z# � eK jz "22#

By virtue of CayleyÐHamilton theorem which is available in the textbook by Deif "0871#\ Tj"z#
can be expressed as

Tj"z# � a9I¦ s
4

i�0

ai"z#Ki
j "23#

where I is an identity matrix of order six\ Kj is de_ned in eqn "11# and coe.cients ai"z#
"i � 9\ 0\ [ [ [ \ 4# can be determined from the following equation
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"24#

where hi "i � 0\ 1\ [ [ [ \ 5# are the distinct eigenvalues of matrix Kj[ When equal eigenvalues occur\
eqn "23# will take on other forms[

In eqn "21#\ taking z � dj yields

Rj"dj# � Tj"dj#Rj"9# "25#

This formulation establishes the relationship between the jth lamina|s physical quantities of the
upper and lower surfaces by the transfer matrix Tj"dj#[ In eqn "25#\ taking j � 0\ 1\ [ [ [ \ p and
considering the continuity conditions of ur\ sz\ Dz\ trz\ w and f at interfaces as follows]

Rj¦0"9# � Rj"dj# "26#

one has

Rp"zp# � FR0"9# "27#

where

F � ðFklŁ � t
0

j�p

Tj"dj# "28#

For the free vibration problem\ the boundary conditions at the bottom and top surfaces of the
laminate can be written as]

s"dp# � t"dp# � s"9# � t"9# � 9\ Dz"dp# � Dz"9# � 9 for Case 0 "39#

and

s"dp# � t"dp# � s"9# � t"9# � 9\ f"dp# � f"9# � 9 for Case 1 "30#

or

s"dp# � t"dp# � s"9# � t"9# � 9\ Dz"dp# � 9\ f"9# � 9 for Case 2 "31#

Substituting eqns "39#\ "30#\ or "31# into eqn "27#\ respectively\ yields

&
F10 F14 F15

F20 F24 F25

F30 F34 F35
' 8

U"9#

W"9#

f"9# 9� 9 "32#

or
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&
F10 F12 F14

F30 F32 F34

F50 F52 F54
' 8

U"9#

D"9#

W"9#9� 9 "33#

or

&
F10 F12 F14

F20 F22 F24

F30 F32 F34
' 8

U"9#

D"9#

W"9#9� 9 "34#

Setting the determinant of coe.cients matrices of homogeneous eqns "32#Ð"34# to zero for non!
trivial solutions yields the characteristic frequency equations[ The frequency equations are tran!
scendental and give an in_nite number of frequencies for each k\ which cannot be obtained by
classical theories of plate[

2[ Calculating frequency and mode shape

For the elastic simple support condition\ the serial roots ki "i � 0\ 1\ [ [ [ # of equation J9"k# � 9
must be found and substitution of k0\ k1\ [ [ [ one by one into eqns "11#Ð"13#\ as well as elastic
constants\ piezoelectric coe.cients\ dielectric constants\ material densities and geometric par!
ameters of the laminate\ yields the expression of Kj " j � 0\ 1\ [ [ [ \ p#[ After Tj"dj# is evaluated from
eqns "23# and "24#\ the matrix elements Fij of eqns "32#Ð"34# are obtained from eqn "28# and the
non!dimensional frequency V becomes the only unknown in the frequency equations[ To _nd the
solutions of frequency equations\ the frequency V is stepped through a sequence of small increments
and the sign of the determinant is computed for each value and recorded[ After a su.cient number
of sign crossings have been identi_ed\ the values for V that yields a zero determinant can be
isolated and re_ned using bisection[ The sign change is monitored by computing the values of the
determinants using the Gauss elimination method[ Once the non!dimensional frequency V is
obtained\ substituting it into eqns "32#\ "33# or "34# yields the ratios of U"9# and W"9# to D"9# or
f"9#\ respectively[ By virtue of the inverse Hankel transform formulations given by Sneddon
"0840#\ the corresponding mode shape is obtained as

u¹r"j\ z# � 1 s
i

U"ki\ z#
J0"kij#

ðJ0"ki#Ł1

w¹ "j\ z# � 1 s
i

W"ki\ z#
J9"kij#

ðJ0"ki#Ł1
"35#

For rigid slipping support conditions\ variables ki "i � 0\ 1\ [ [ [ # are roots of equation J0"k# � 9[
The following procedure is similar to those of foregoing elastic simple support conditions and the
mode shape is determined by

u¹r"j\ z# � 1 s
i

U"ki\ z#
J0"kij#

ðJ9"ki#Ł1
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w¹ "j\ z# � 1 s
i

W"ki\ z#
J9"kij#

ðJ9"ki#Ł1
"36#

In fact\ the corresponding ki of the speci_ed V has only one and so the right side of eqns "35#
and "36# have only one term[

3[ Transversely isotropic circular plate

If the layer is not piezoelectric\ the piezoelectric coe.cients e04\ e20 and e22 vanish[ Then in eqns
"8# and "09#\ the parameters b1\ b3\ b7 and b09 become zero with b2\ b4\ b5 and b01 being simpli_ed[
Subsequently\ eqns "8# and "09# can be rendered in terms of block!diagonal matrices as well as
eqns "12# and "13# because of f1 � f2 � f6 � f09 � f00 � f01 � 9 from eqn "06#[ Meanwhile\ eqns
"00#\ "14#\ "16# and "17# are also simpli_ed[ For the two boundary conditions de_ned as above\
i[e[ elastic simple support and rigid slipping support conditions\ eqn "20# can be uncoupled as

dR�j
dz

� K�jR�j"z# "37#

dR��j
dz

� K��jR��j"z# "38#

where

R�j � ðU"z# s"z# t"z# W"z#ŁTj \ R��j � ðD"z# f"z#ŁT "49#

K�j � $
9 K�0j

K�1j 9 %\ K��j � $
9 −f3k

f7 9 % "40#

K�0j � $
f0 tk

−tk −r¹V1%� ðAmnŁ\ K�1j � $
−r¹V1−f4k −f5k

f5k f8 %� ðBmnŁ "41#

The solutions of eqns "37# and "38# are\ respectively\ obtained as

R�j"z# � eK�jzR�j"9# "42#

and

R��j"z# � eK��jzR��j"9# "43#

De_ning T�j"z# � eK�jz and T��j"z# � eK��jz\ the relations are obtained by employing CayleyÐHamilton
theorem "Deif\ 0871#\

T�j"z# � $
a�9"z#I¦a�1"z#K�0jK�1j a�0"z#K�0j¦a�2"z#K�0jK�1jK�0j

a�0"z#K�1j¦a�2"z#K�1jK�0jK�1j a�9"z#I¦a�1"z#K�1jK�0j % "44#

and
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T��j"z# � $
a��9"z# −a��0"z# f3k

a��0"z# f7 a��9"z# % "45#

The parameters a�i "z# in eqn "44# are determined from

F

G

j

G

J

f

a�9
a�0
a�1
a�2

J

G

f

F

G

j

�

K

H

H

H

H

k

0 l0 l1
0 l2

0

0 −l0 l1
0 −l2

0

0 l1 l1
1 l2

1

0 −l1 l1
1 −l2

1

L−0

H

H

H

H

l

F

G

j

J

G

f

el0z

e−l0z

el1z

e−l1z

J

G

f

F

G

j

"46#

where

l0 �
zB9¦1zC9¦zB9−1zC9

1
\ l1 �

zB9¦1zC9−zB9−1zC9

1
"47#

and

B9 � A00B00¦A11B11¦1A01B01\ C9 �"A00A11−A1
01#"B00B11−B1

01# "48#

The parameters a��i "z# in eqn "45# are given by

a��9 � ch"zf3f7kz#\ a��0"z# � sh"zf3f7kz#:zf3f7k "59#

At each interface between layers\ enforcing conditions of displacement and stress and utilizing eqn
"42# gives

R�p"dp# � T�R�0"9# "50#

where

T� � ðT�mnŁ � t
0

j�p

Tj"dj# "51#

For free vibration\ the boundary conditions at the bottom and top of the laminate can be written
as

s"9# � t"9# � s"dp# � t"dp# � 9 "52#

Substitution of eqn "52# into "50# yields

$
T�10 T�13

T�20 T�23% 6
U"9#

W"9#7� 6
9

97 "53#

Setting the determinant of coe.cients matrix of homogeneous eqn "53# to zero for non!trivial
solutions gives the frequency equation of free axisymmetric vibration for transversely isotropic
laminate[ The method of evaluating frequencies and relevant mode shapes are similar to those
stated in Section 2[

Similarly\ enforcing the continuity conditions of potential and electric displacement at each
interface between layers and using eqn "42# gives
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R��p"dp# � T��R��0"9# "54#

where

T�� � ðT��mnŁ � t
0

j�p

T��j"dj# "55#

For free vibration\ the boundary conditions at the bottom and top of the laminate can be written
as

Dz"dp# � Dz"9# � 9 or f"dp# � f"9# � 9 or Dz"dp# � 9\ f"9# � 9 "56#

Substituting eqn "56# into eqn "54#\ respectively\ yields

T��01f"9# � 9 or T��10D"9# � 9 or T��00D"9# � 9 "57#

The frequency equation of uncoupled electric _elds can be derived from eqn "57#[
Equations "42# and "43# can be written as

R	 j"z# � T	 j"z#R	 j"9# "58#

where

R	 j"z# � 6
R�j"z#

R��j"z#7\ T	 j"z# � $
T�j"z# 9

9 T��j"z#% "69#

By employing transform matrix P\ eqn "58# can also be rendered in terms of

Rj"z# � Hj"z#Rj"9# "60#

where Rj"z# is de_ned as eqn "10# and

Rj"z# � PR	 j"z#\ Hj"z# � PT	 j"z#PT "61#

in which

P �

K

H

H

H

H

H

H

H

H

k

0 9 9 9 9 9

9 0 9 9 9 9

9 9 9 9 0 9

9 9 0 9 9 9

9 9 9 0 9 9

9 9 9 9 9 0

L

H

H

H

H

H

H

H

H

l

"62#

Based on eqn "60#\ the investigation on free axisymmetric vibration of hybrid circular laminate
composed of piezoelectric layer and non!piezoelectric layer can be made[
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4[ Numerical examples

Utilizing the above mentioned analytical formulations and FEM\ three numerical examples are
presented[ Based on the theory proposed by Sung et al[ "0881#\ a FEM program is programmed in
Fortran89 and compiled by Microsoft Fortran Powerstation 3[9[ In the program\ the isoparametric
elements of eight!nodes are used and the eigenvalues are evaluated by sub!space iterative method[

Example 0] Consider a piezoelectric circular plate with material constants]

c00 � 02[8×0909 Pa\ c01 � 6[67×0909 Pa\ c02 � 6[32×0909 Pa\
c22 � 00[4×0909 Pa\ c33 � 1[45×0909 Pa\ e04 � 01[6 C:m1\ e20 � −4[1 C:m1\
e22 � 04[0 C:m1\ o00 � 5[35×09−8 F:m\ o22 � 4[51×09−8 F:m[

The non!dimensional frequencies under di}erent boundary conditions are shown in Tables 0Ð3[
These tables list the _rst three values of k and the _rst three frequencies for each k[ Data in
parentheses are obtained by FEM[ Some corresponding mode shapes are shown in Figs 1Ð6[ The
results indicate that the present solutions include thickness modes and radial ones[

Example 1] Consider a single lamina transversely isotropic circular plate with elastic constants

c00 � 02[8×0909 Pa\ c01 � 6[67×0909 Pa\ c02 � 6[32×0909 Pa\
c22 � 00[4×0909 Pa\ c33 � 1[45×0909 Pa[

Table 4 gives the lowest non!dimensional frequencies computed by the present exact method and

Table 0
The non!dimensional frequencies of a piezoelectric circular plate with rigid slipping support "Case 0#

t � h:a

k0 � 2[72060 k1 � 6[90448 k2 � 09[06249

V0 V1 V2 V0 V1 V2 V0 V1 V2

9[0 9[9274 9[2443 0[6611 9[0120 9[5343 0[7442 9[1314 9[8126 0[8619
"9[9275# "9[0121# "9[1329#

9[1 9[0340 9[6923 0[7657 9[3198 0[1320 1[0334 9[6462 0[5735 1[3504
"9[0340# "9[6923# "9[3101#

9[2 9[2992 0[9250 1[9170 9[6855 0[6149 1[3865 0[2355 1[0132 1[8672
"9[2993# "0[9250# "9[6861#

9[3 9[3754 0[2323 1[1961 0[1097 1[9287 1[7456 0[8378 1[3478 2[3369
"9[3754# "0[2322# "0[1918#

9[4 9[5802 0[5004 1[3992 0[5053 1[1606 2[0840 1[4340 1[7337 2[7669
"9[5802# "0[5006# "0[5052#

9[5 9[8969 0[7167 1[4879 1[9204 1[4971 2[4965 2[0173 2[1770 3[2967
"9[8958# "0[7618# "1[9206#

9[6 0[0180 0[8827 1[6831 1[3318 1[6625 2[7926 2[5856 2[6600 3[6548
"0[0178# "0[8839# "1[3326#

9[7 0[2433 1[0175 1[8736 1[7373 2[9567 3[9862 3[1401 3[1674 4[1480
"0[2431# "1[0178# "1[7367#
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Table 1
The non!dimensional frequencies of a piezoelectric circular plate with rigid slipping support "Case 1#

t � h:a

k0 � 2[72060 k1 � 6[90448 k2 � 09[06249

V0 V1 V2 V0 V1 V2 V0 V1 V2

9[0 9[9273 9[2981 0[2779 9[0106 9[4515 0[3631 9[1268 9[7963 0[4832
9[1 9[0321 9[5024 0[3853 9[3091 0[9819 0[6607 9[6234 0[4912 1[0911
9[2 9[1827 9[8960 0[5419 9[6613 0[4311 1[0393 0[2952 0[8654 1[5535
9[3 9[3622 0[0716 0[7255 0[0543 0[7684 1[4178 0[7832 1[2342 2[1944
9[4 9[5696 0[3206 1[9266 0[4584 1[0322 1[8006 1[3652 1[6391 2[6967
9[5 9[7682 0[5357 1[1363 0[8649 1[2858 2[1656 2[9326 2[0798 3[0817
9[6 0[9836 0[7162 1[3590 1[2655 1[5574 2[5120 2[4836 2[5459 3[5766
9[7 0[2039 0[8705 1[5608 1[6604 1[8517 2[8476 3[0203 3[0413 4[1947

Table 2
The non!dimensional frequencies of a piezoelectric circular plate with elastic simple support "Case 0#

t � h:a

k0 � 1[39372 k1 � 4[41997 k3 � 7[54262

V0 V1 V2 V0 V1 V2 V0 V1 V2

9[0 9[9043 9[1124 0[6383 9[9671 9[4090 0[7001 9[0703 9[6801 0[8012
"9[9043# "9[9671# "9[0705#

9[1 9[9599 9[3341 0[6822 9[1799 9[8866 1[9973 9[4895 0[3768 1[2959
"9[9599# "9[3341# "9[1790#

9[2 9[0186 9[5522 0[7507 9[4497 0[3236 1[1573 0[9678 0[8590 1[6494
"9[0186# "9[5522# "9[4498#

9[3 9[1084 9[7646 0[8385 9[7440 0[6703 1[4400 0[4789 1[1457 2[0625
"9[1084# "9[7646# "9[7443#

9[4 9[2135 0[9792 1[9405 0[0636 1[9129 1[7224 1[0997 1[4494 2[4479
"9[2134# "0[9792# "0[0633#

9[5 9[3398 0[1632 1[0525 0[4993 1[1977 2[0923 1[5952 1[7773 2[8109
"9[3397# "0[1632# "0[4990#

9[6 9[4542 0[3433 1[1710 0[7164 1[2776 2[2456 2[0919 2[1557 3[1765
"9[4541# "0[3432# "0[7162#

9[7 9[5846 0[5056 1[3933 1[0422 1[4721 2[4848 2[4769 2[5635 3[5627
"9[5844# "0[5055# "1[0422#
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Table 3
The non!dimensional frequencies of a piezoelectric circular plate with elastic simple support "Case 1#

t � h:a

k0 � 1[39372 k1 � 4[41997 k2 � 7[54262

V0 V1 V2 V0 V1 V2 V0 V1 V2

9[0 9[9043 9[0833 0[2530 9[9665 9[3331 0[3174 9[0674 9[5896 0[4218
9[1 9[9485 9[2765 0[3988 9[1630 9[7629 0[5207 9[4625 0[2042 0[8280
9[2 9[0170 9[4672 0[3797 9[4242 0[1551 0[8999 0[9348 0[6784 1[3012
9[3 9[1045 9[6540 0[4602 9[7189 0[4889 1[0861 0[4316 1[0156 1[7769
9[4 9[2061 9[8353 0[5650 0[0289 0[7593 1[4922 1[9315 1[3397 2[2248
9[5 9[3182 0[0191 0[6804 0[3452 1[9618 1[7953 1[4247 1[6728 2[6473
9[6 9[4382 0[1732 0[8031 0[6646 1[1697 2[9885 2[9070 2[0488 3[0695
9[7 9[5649 0[3255 1[9310 1[9828 1[3635 2[2793 2[3773 2[4502 3[4785

FEM[ A good agreement is reached[ This example and the next employ the characteristic eqn "53#
to evaluate the frequencies[

Example 2] A three!ply laminated circular plate[ The _rst and third laminae are made of isotropic
material of Young|s modulus E � 1[0×0900 Pa and Poisson|s ratio m � 9[2 and the second one is
made of transversely isotropic material[ Its elastic constants are the same as those of Example 1[
Three laminae have thicknesses of h0 � h2 � h:3 and h1 � h:1 and their densities are
r0 � r2 � 6[7×092 kg:m2 and r1 � 6[4×092 kg:m2\ respectively[ Table 5 gives the lowest non!
dimensional frequencies computed by the present exact method and FEM[ A good agreement is
also reached[ Tables 6 and 7 list the _rst three values of k and the _rst three frequencies for
each k[

5[ Conclusions

"0# The state!space!based method and the _nite Hankel transform are employed to analyze the
free axisymmetric vibration of piezoelectric laminated circular plates[ It is found that exact
solutions can be obtained for two kinds of boundary conditions[ These solutions can be used
to examine the validity of various plate theories and numerical calculation software[

"1# The numerical examples show that the non!dimensional frequencies increase with the increase
of thickness!to!span ratio and frequencies for elastic simple support boundary condition are
obviously smaller than those for rigid slipping supported one[

"2# The comparison between the present results and FEM results shows that if all frequencies for
distinct k are arranged in order of their values\ good agreement can be observed[
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Fig[ 1[ The mode shapes of a piezoelectric circular plate with rigid slipping support "Case 0# "! ! !\ initial mesh^ *\ the
present theory^ ,\ FEM#[



D[ Haojian` et al[ : International Journal of Solids and Structures 25 "0888# 3518Ð35413535

Fig[ 2[ The mode shapes of a piezoelectric circular plate with rigid slipping support "Case 0# "! ! !\ initial mesh^ *\ the
present theory^ ,\ FEM#[
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Fig[ 3[ The mode shapes of a piezoelectric circular plate with rigid slipping support "Case 0# "! ! !\ initial mesh^ *\ the
present theory^ ,\ FEM#[
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Fig[ 4[ The mode shapes of a piezoelectric circular plate with elastic simple support "Case 0# "! ! !\ initial mesh^ *\ the
present theory^ ,\ FEM#[



D[ Haojian` et al[ : International Journal of Solids and Structures 25 "0888# 3518Ð3541 3538

Fig[ 5[ The mode shapes of a piezoelectric circular plate with elastic simple support "Case 0# "! ! !\ initial mesh^ *\ the
present theory^ ,\ FEM#[
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Fig[ 6[ The mode shapes of a piezoelectric circular plate with elastic simple support "Case 0# "! ! !\ initial mesh^ *\ the
present theory^ ,\ FEM#[
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Table 4
The _rst non!dimensional frequency of a single lamina circular plate

t � h:a

Rigid slipping support Elastic simple support

Present FEM Present FEM

9[0 9[9221 9[9222 9[9022 9[9022
9[1 9[0122 9[0122 9[9405 9[9405
9[2 9[1494 9[1494 9[0093 9[0094
9[3 9[2874 9[2875 9[0736 9[0737
9[4 9[4462 9[4463 9[1588 9[1699
9[5 9[6103 9[6105 9[2514 9[2515
9[6 9[7768 9[7770 9[3599 9[3590
9[7 0[9449 0[9447 9[4596 9[4597

Table 5
The _rst non!dimensional frequency of a three!ply circular plate

t � h:a

Rigid slipping support Elastic simple support

Present FEM Present FEM

9[0 9[9242 9[9242 9[9032 9[9032
9[1 9[0137 9[0138 9[9430 9[9431
9[2 9[1308 9[1319 9[0014 9[0014
9[3 9[2695 9[2696 9[0713 9[0714
9[4 9[4933 9[4934 9[1481 9[1482
9[5 9[5309 9[5300 9[2288 9[2288
9[6 9[6687 9[6688 9[3117 9[3118
9[7 9[8198 9[8100 9[4962 9[4962

Table 6
The non!dimensional frequencies of a three!ply circular plate with rigid slipping support

t � h:a

k0 � 2[72060 k1 � 6[90448 k2 � 09[06249

V0 V1 V2 V0 V1 V2 V0 V1 V2

9[0 9[9242 9[1895 0[9531 9[0960 9[4151 0[0646 9[0886 9[6366 0[2150
9[1 9[0137 9[4617 0[1928 9[2152 9[8772 0[4300 9[4354 0[1596 0[8129
9[2 9[1308 9[7237 0[2858 9[4603 0[1797 0[8545 9[8059 0[3487 1[3848
9[3 9[2695 0[9479 0[5068 9[7141 0[3199 1[2693 0[2918 0[5529 1[7715
9[4 9[4933 0[1114 0[7494 0[9769 0[4393 1[5859 0[6974 0[8451 2[0975
9[5 9[5309 0[2172 1[9714 0[2465 0[5879 1[8192 1[0185 1[2129 2[1898
9[6 9[6687 0[2887 1[2920 0[5260 0[7884 2[9642 1[4467 1[6276 2[3774
9[7 9[8198 0[3519 1[4913 0[8135 1[0272 2[1921 1[8671 2[0737 2[6169
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Table 7
The non!dimensional frequencies of a three!ply circular plate with elastic simple support

t � h:a

k0 � 1[39372 k1 � 4[41997 k2 � 7[54262

V0 V1 V2 V0 V1 V2 V0 V1 V2

9[0 9[9032 9[0718 0[9214 9[9587 9[3055 0[0060 9[0422 9[5320 0[1388
9[1 9[9430 9[2527 0[9829 9[1161 9[7942 0[2610 9[3283 0[0400 0[6264
9[2 9[0014 9[4394 0[0731 9[3022 0[0079 0[5810 9[6373 0[2741 1[1441
9[3 9[0713 9[6090 0[1865 9[5973 0[2963 1[9179 0[9583 0[4205 1[5667
9[4 9[1481 9[7573 0[3150 9[7972 0[3014 1[2345 0[3927 0[6177 1[8387
9[5 9[2288 0[9093 0[4534 0[9202 0[4930 1[5054 0[6405 0[8802 2[0170
9[6 9[3117 0[0293 0[6976 0[1121 0[5037 1[7104 1[0091 1[2949 2[1714
9[7 9[4962 0[1142 0[7743 0[3289 0[6429 1[8609 1[3632 1[5436 2[3363
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